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Abstract 

In U a new notion of Hopf algebroid has been introduced. It was shown to be inequivalent to 
the structure introduced under the same name in ^Sl- We review this new notion of Hopf algebroid. 
We prove that two Hopf algebroids are isomorphic as bialgebroids if and only if their antipodes are 
related by a 'twist' i.e. are deformed by the analogue of a character. A precise relation to weak Hopf 
algebras is given. After the review of the integral theory of Hopf algebroids we show how a right 
bialgebroid can be made a Hopf algebroid in the presence of a non-degenerate left integral. This 
can be interpreted as the 'half of the Larson-Sweedler theorem'. As an application we construct the 
Hopf algebroid symmetry of an abstract depth 2 Probenius extension 
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1 Introduction 
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Recently many authors introduced generalizations of bialgebras. These structures are common in the 
feature that they do not need to be algebras rather bimodules over some - possibly non-commutative 
- base ring L. In the paper the notions of Lu's bialgebroid (axiomatized in a more compact 
form in ^3); Xu's bialgebroid with anchor |32[ I33j and Takeuchi's x ^-bialgebra jHI] were shown to be 
equivalent. We use the definition as follows: 

Definition 1.1 A left bialgebroid (or Takeuchi x L-bialgebra) Al consists of the data {A, L, SL,tL, 
IL, ttl). The A and L are associative unital rings, the total and base rings, respectively. The sl ■ L ^ A 
and tL '■ L°P A are ring homomorphisms such that the images of L in A commute making A an L — L 
bimodule: 

l-a-l':^ SL{l)tL{l')a. (1.1) 

The bimodule is denoted by lAl- The triple {lAl,^l,t^l) is a comonoid in l-Ml, the category 

of L — L bimodules. Introducing the Sweedler's notation 7L(a) = a(i) a(2) G Al ® lA the identities 



are required for all I ^ L and a. b £ A. The requirement il.4}) makes sense in the view of 

With the help of the maps sl and we can introduce four commuting actions of L on A. They give 
rise to L-modules 

lA : l-a = SL{l)a A^ : a-l = tL{l)a 

A^ : a-l = asL{l) ^ A : l-a^atL{l). 

One defines the bimodules ^ A'" , ^ Al and lA^ in the obvious way. 

Throughout the paper it is a typical situation that the same ring A carries different L-module 
structures. In this situation the usual notation AfA\s ambiguous. Our notation of bimodule tensor 
products is explained at the beginning of Section 2. 

In 2H| J- H. Lu introduced the notion of Hopf algebroid as a triple {Al,S,S,) consisting of a left 
bialgebroid Al = {A, L, sl, ^l, 7l, ttl) such that A and L are algebras over a commutative ring k. It is 
equipped with an antipode S : A ^ A. The S is required to be an anti-automorphism of the fc-algebra 
A satisfying 

SotL = SL (1.7) 
niAO {S (g)LidA) OJL = tLOTTLoS (1.8) 

niAO {idA®k S)oS,ojL = slottl (1.9) 

where tha is the multiplication in A and ^ is a section of the canonical projection : A(^kA — > ^4^0 lA 
that is ^ is a map Al <S) lA ^ AiS)k A satisfying pL o ^ = idA^LA. 

Following the result of [301 117j - proving that an irreducible finite index depth 2 extension of von 
Neumann factors can be reaHzed as a crossed product with a finite dimensional C*-Hopf algebra - big 
effort has been made in order to make connection between more and more general kinds of extensions 
and of 'quantum symmetries' 8, 9, 34, 23.. Allowing for reducible finite index D2 extensions of IIi 
von Neumann factors in QHI and of von Neumann algebras with finite centers in [22 the symmetry of 
the extension was shown to be described by a finite dimensional C* -weak Hopf algebra introduced in 
01 121L 12] . A Galois correspondence has been established in |20; in the case of finite index finite depth 
extensions of IIi factors. The infinite index D2 case has been treated in JOl for arbitrary von 
Neumann algebras endowed with a regular operator valued weight. 
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In the paper depth 2 extensions of rings have been investigated. It was shown that there exists 
a canonical dual pair of (finite) bialgebroids associated to such a ring extension. 

Studying the bialgebroids corresponding to a depth 2 Frobenius extension of rings one easily gen- 
eralizes the formula describing the antipode in |3()[ 1171 123j to an anti-automorphism of the total ring 
satisfying the axioms ljl.7ll.8|l . This supports the expectation that in the case of a depth 2 Frobenius 
extension of rings the canonical bialgebroids obtained in pi] can be made Hopf algebroids. However, 
no effort, made for checking the Lu-axioms in this situation, brought success. (See however [121 [13] 
studying interesting subcases.) As a matter of fact the section ^, appearing in the definition in |18) . 
does not come naturally into this context. 

This lead us to the introduction of an alternative notion of Hopf algebroid in [l] - the prototype 
of which is the symmetry of a depth 2 Frobenius extension of rings. In ^ three equivalent sets of 
axioms are formulated.^ The first definition is analogous to the one in [l^ in the aspect that a left 
bialgebroid Al = {A, L, SL,tL,jL,TrL) is equipped with a bijective antipode map S which is a ring 
anti-automorphism and relates the left and right L-module structures as in Ijl.TII . Also the antipode 
axiom Ijl.SII is identical. The main difference is that in the definition of ^ no reference to a section 
is needed. In its stead we deal with the maps 

{S (E) S) o j°/ o S-^ and {S-^ (g) S'^) o j"/ o S. (1.10) 

In the Hopf algebra case both are equal to the coproduct itself. In this more general case the images 
of A under 7^ and the maps Hl.lf)|l are however different. We require the two maps of lll.lfl|l to be 
equal and be both a left and a right comodule map. This form of the axioms does not contain a second 
antipode axiom. This definition is cited at the end of Section (21 of this paper. 

Analyzing the consequences of this first definition one observes a hidden right bialgebroid ^ structure 
on A with the coproduct given by the equal maps Ijl.lflll . This lead us to the second 'symmetric' definition 
in P where the two antipode axioms have analogous forms using both the left and right bialgebroid 
structures of A in a symmetric way. We cite this definition in Definition 13. II below. 

The third definition in P is formulated without the explicit use of the antipode map. It borrows the 
philosophy of jJE] where a Hopf algebroid like object (possibly without antipode), the so called x L-Hopf 
algebra was introduced as a left bialgebroid s.t. the map 

a : ^A ^% Al ^ Al(E) lA a ® & i-^ a(i) ® a(2)6 

is bijective. Requiring however the bijectivity of the maps a and its co-opposite /3 (leading to a bijective 
antipode in the bialgebra case) for a left bialgebroid does not imply the existence of an antipode. In 
order to have a definition which is equivalent to the other two both related bialgebroid structures are 
needed. This definition explicitly shows that the Hopf algebroids in the sense of ^ are x L-Hopf algebras. 

It is proven in p] that (weak) Hopf algebras with bijective antipode are Hopf algebroids in the sense 
of Q]. Also some examples of Lu-Hopf algebroids 118} 15] ITKl 17] are shown to be examples. 

The two notions of Hopf algebroid - the one introduced in ^H] and the one in [I] - were shown to 
be inequivalent by giving an example of the Hopf algebroid f^ that does not satisfy the axioms of pH] ■ 
This example is discussed in the Section ^ of this paper in more detail. 

On the other hand no example of Lu-Hopf algebroid is known to us at the moment that does not 
satisfy the axioms of [J. This leaves open the logical possibility that the Lu-Hopf algebroid was a 
subcase of the one introduced in Until now we could neither prove nor exclude by examples this 
possibility. 

In ^ the theory of non-degenerate integrals in a Hopf algebroid is developed. Though the axioms of 
the Hopf algebroid in 11. are by no means self-dual, it is proven in ^ that if there exists a non-degenerate 
left integral £ in a Hopf algebroid A then its dual (with respect to the base ring) also carries a Hopf 
algebroid structure which is unique upto an isomorphism of bialgebroids. The dual of the bialgebroid 
isomorphism class of A is defined as the bialgebroid isomorphism class of the Hopf algebroid constructed 
on the dual ring. 

In this paper we present a review and also some new results on Hopf algebroids. In the Section Owe 
review some results about bialgebroids that were obtained in the papers \27, 31, 28, 14J. In the Section 

^ added in proof: The final version of contains four equivalent definitions. A 'zeroth' one has been added later. 
^For the definition of the right bialgebroid [14| see Definition 12. II below. 
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Elwe repeat the definition of the Hopf algebroid given in and cite some basic results without proofs. 
In the Section ^ we generaHze the notion of the twist of a Hopf algebra - introduced in [S] - to Hopf 
algebroids. In particular we prove that twisted (weak) Hopf algebras are Hopf algebroids in the sense of 
P]. A most important example is the Connes-Moscovici algebra Hfm [Z|- By twisting cocommutative 
Hopf algebras we construct examples that do not satisfy the Hopf algebroid axioms of ^Sj. We give 
a sufficient and necessary criterion on a Hopf algebroid under which it is a (twisted version) of weak 
Hopf algebra. In the SectionElwe review the integral theory of Hopf algebroids from [1^ without proofs. 
The Section El deals with the question how can we make a right bialgebroid with a non-degenerate left 
integral into a Hopf algebroid. The result of Section El can be interpreted as the generalization of the 
'easier half of the Larson-Sweedler theorem' |16| . 

2 Bialgebroids 

The total ring of a bialgebroid carries different module structures over the base ring. In this situation 
we make the following notational convention. In writing module tensor products we write out the (bi-) 
module factors explicitly. For the L-module tensor product of the bimodules lA^ and lAl, for example 
we write f, L'Al, where L' stands for another copy of L, and it has been introduced to show 

explicitly which module structures are involved in the tensor product. 

In order not to make the formulas more complicated than necessary we make a further simplification. 
In those situations in which it is clear from the tensor factors themselves over which ring the tensor 
product is taken, we do not denote it under the symbol (8). I.e. for the L-module tensor product of the 
right L-module Al and the left L-module lA, for example, we write Al (^l A. 

The bialgebroid H^ESEHI or - what is equivalent to it - a Takeuchi x ^-bialgebra pi] is a general- 
ization of the bialgebra in the sense that it is not an algebra rather a bimodule over a non-commutative 
ring L. We use Definition 11.11 of the left bialgebroid. We use the name left bialgebroid as in ^3] since 
the 'opposite structure' was called a right bialgebroid in |14j : 

Definition 2.1 A right bialgebroid Ab. consists of the data {A,R,su,tji,^f>,iTB). The A and R are 
associative unital rings, the total and base rings, respectively. The sr : R ^ A and tji : R°p A are 
ring homomorphisms such that the images of R in A commute making A an R — R bimodule: 

r-a-r':^asR{r')tR{r). (2.1) 

The bimodule \2. J|) is denoted by ^A^ . The triple (-^A^,jr,7Tr) is a comonoid in rA4r. Introducing 
the Sweedler's notation 7_R(a) = a'^^^ (8) a^^-* £ A^ (X> ^A the identities 

SR{r)a^-^^ ^a^^^ = a^i) ® tfl(r)a(2) 

7^(1^) = U 1a 
jR{ab) = lR{a)jR{b) 

TTi? {sR o TTR{a)h) = TiR (ah) ^ ttr (tR o 'KR{a)h) 

are required for all r £ R and a,b ^ A. 

In addition to the bimodule we introduce also 

rAr: r ■ a-r':^ SR{r)tR{r')a. 

liAh — [A, LjSLTtLj^LTTTL) is a left bialgebroid then so is the co-opposite {Al)cop = {A, L°p, tL,SL,^°L , 
ttl) - where : A ^ lA-® A^ maps a to a(2) (8) a(i) -. The opposite {Al)°^ = {A°p, L,tL,SL, ILtT^l) 
is a right bialgebroid. 

We use the terminology of homomorphisms of bialgebroids as introduced in p9j: 



4 



Definition 2.2 A left bialgebroid homomorphism Al A'j^, is a pair of ring homomorphisms (<& : 
A',(l): L') such that 

s'l^O 4> = ^ O SL 
O = $ O t£ 
TT^ O $ = (j) O TT[^ 

7^0$ = ($ ® $) o 7i. 

The last condition makes sense since by the first two conditions is a well defined map Al (E) lA 

A'j^, ® L' A' . The pair ($, 4>) is an isomorphism of left bialgebroids if it is a left bialgebroid homomorphism 
such that both <& and 4> are bijective. 

A right bialgebroid homomorphism (isomorphism) Ab. A'j^, is a left bialgebroid homomorphism 
(isomorphism) {Ar)°p 

Let Al be a left bialgebroid. The equation describes two L-modules Al and lA. Their L-duals 
are the additive groups of L-module maps: 

A: ={(/>*: ^ ^l} and ^^A: ^ {4> ■ lA ^ lL} 

where lL stands for the left regular and Ll for the right regular L-module. Both A,, and carry 
left A module structures via the transpose of the right regular action of A. For 0* G »4*,*</) G and 
a, 6 e ^ we have: 

{a (j)^,) {b) — (l)^,{ba) and (a (6) =, 0(6a). 

Similarly, in the case of a right bialgebroid Ar - denoting the left and right regular i?- modules by 
and , respectively, - the two i?-dual additive groups 

A* : = {0* : ^ R^} and A: = {*0 : ^.A ^ ^R} 

carry right ^-module structures: 

{(/)* ^ a) (b) = (lf{ab) and (*0 ^ a) (6) =*(j){ab). 

The comonoid structures can be transposed to give monoid (i.e. ring) structures to the duals. In the 
case of a left bialgebroid Al 

(0*-0*) (a) = V* (sL o 0*(a(i))a(2)) and (^,-0) (a) = ,V (^l °*'/'(a(2))a(i)) (2-2) 
for ^, ,0 G ^A, 0*, V"* G A* and a & A. Similarly, in the case of a right bialgebroid Ar 

(0*V*) (a) = 0* (a^'^hR o V'*(a(i))) and (*0V) (a) (cl^^'^sr o Xa^^))^ (2.3) 

for 0*, 0* & A* , *0, *?A e M and a e A. In the case of a left bialgebroid Al also the ring A has right A*- 
and right ^A- module structures: 

a ^ 0» = Si o 0,(a(i))a(2) and a = o»0(a(2))a(i) 

for 0* G A*, *0 e and a € A. 

Similarly, in the case of a right bialgebroid Ar the ring A has left A*- and left A structures: 

0* -^a = a(2)tj^ o0*(a(i)) and *0 ^ a = a^^^sj^ 0*0(0^^)) 

for 0* e A, *0 e A and a e A. 

It is also proven in J^j that if the L {R) module structure on A is finitely generated projective then 
the corresponding dual has also a bialgebroid structure. 
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3 Hopf Algebroid 

Let Al ~ (A, L, SL,tL, JLjTtl) be a left bialgebroid and Ar — {A, R, sr, Ir, ■^r, ttr) a right bialgebroid 
such that the base rings are anti-isomorphic R ~ L°p. Require that 

SL{L)^tR{R) and tL{L) ^ sr{R) (3.1) 

as subrings of A. The requirement 113.111 implies that the coproduct jl is a quadro-module map ^Af^ 
L^L' f, L'Af; and 7^ is a quadro-module map -> f A^' ® ^'Af . (The L' and R' denote another 
copy of L and R, respectively) . This allows us to require that 

(7L (g) id^) o IR = (id A 7«) ° IL 

(7i? id^) o 7L = (idA «'7l) 07-R (3.2) 

as maps A-> Al^ lA^ f^A&nAA^A^f^ALf lA, respectively. 

Let S : A ~* Ahe a bijection of additive groups such that 5 is a twisted isomorphism of bimodules 
^Al ^ lA^ and '^Ar rA^ that is 

S{tL{l)atL{l')) = SL{l')S{a)sL{l) S{tR{r')atR{r)) = SR{r)S{a)sR{r') (3.3) 

for all 1,1' & L, r,r' £ R and a & A. The requirement 113. 3|l makes the expressions S'(a(i))a(2) and 
a^^^S{a^'^^) meaningful. We require 

5'(a(i))a(2) = Sfl o 7ri^(a) a^^^ S{a'^^'') = sl o TTL{a) (3.4) 

for all a in A. 

Definition 3.1 The triple A = (Al,Ar, S) satisfying and 13.4[ ) is a Hopf algebroid. 

Throughout the paper we use the analogue of the Sweedler's notation: 7^(0) = oji) ® 0(2) and 
7fl(a) = a(i) (g) a^^K 

For a Hopf algebroid A also the opposite A"^ — {A"^ , A"^ , S^^) and the co-opposite Acop = 
{Al cop, Ar cop, S~'^) are Hopf algebroids. 

In the Section 31 we will investigate the way in which (weak) Hopf algebra is a subcase. 

The antipode of a Hopf algebra is a bialgebra anti-homomorphism. This property generalizes to 
Hopf algebroids as 

Proposition 3.2 Both {S,ttro sl) and {S~^,TrRotL) are left bialgebroid isomorphisms Al i^R)cop- 
That is 

sro TTR o Sl = S o Sl Sr o ttr oIl = S^^ o Sl 

tRO TTr O Sl = S otL tR O TTR oIl = S^^ O II 

TTR O Sl °T^L = T^R. O >5 TTR, otLOTTL = T^R ° S^^ 

Sa(SlA °lL^lRoS S^l)i,A °1L^1R° S^'^ 

where Sa^i^a is a map Al ® lA ^ A^ ® ^A, it maps a®b to S{b) ® S{a). Similarly, Sac^rA is a map 
A^ ®^A^ Al® lA, it maps a®b to S{b) ® S{a). 

The datum {Al,Ar, S) determining a Hopf algebroid is somewhat redundant. Indeed, suppose that 
we have given only a left bialgebroid Al = {A, L,SL,tL,'^L,TTL) and an anti-isomorphism S of the total 
ring A satisfying 

SotL = SL (3.5) 

TOA o (S' g) idyl) ° 7l = tLOTTLoS (3.6) 

Sa<^lA°1l° = ^A®flA°7LoS' (3.7) 

(7l (gidyi) 07-R = (idyl (»7fl) °7i (7fl ® idyl) o 7-L = (id^ 7l) ° 7fi (3.8) 
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for niA the multiplication in A and 7^: = Sa®lA°1l°S~^ . Then the right bialgebroid Ar - together with 
which {Al,Ar,S) is a Hopf algebroid - can be reconstructed upto a trivial bialgebroid isomorphism. 
Namely, it follows from Proposition 1^21 that 

Ar = {A, R,Soslo v^'^.sl o iy^^,SA(SLA o 7l o S^^,iy o tt^ o 5"^) 

for an arbitrary isomorphism ly : L°p R. 

4 Twist of the Hopf algebroid 

It is clear that being given the left and right bialgebroids Al and Ar satisfying the axioms 113. l|l and 
H3.2II the antipode - if exists - is unique. Indeed, if both Si and ^2 make [Al^Ar, Si) and {Al,Ar, S2) 
Hopf algebroids then 

S2ia) = Sfl0 7rH(a«)52(a(2)) = 5i(a(i\i))aW(2)52(a(2)) = 5i(a(i))a(2)(i)^2(a(2)(')) = 
= <5'i(a(i))sL o 7rL(a(2)) = S'i(a). 

There are some examples however in which only the left bialgebroid structure is naturally given and we 
have some ambiguity in the choice of the right bialgebroid structure and the corresponding antipode. 
(See for example the Hopf algebroid symmetry of a depth 2 Frobenius extension of rings in Section 3 of 
or at the end of Section El below. In this example the ambiguity is nicely controlled by the Radon- 
Nykodim derivative relating the possible Frobenius maps.) In the following we address the question 
more generally: Given a left bialgebroid Al how are the possible antipodes satisfying the conditions 
j3..^l3.8t related? 

Definition 4.1 Let {Al,S) be subject to the conditions f,V.,5B,V.i*^) . An invertible element of A^, is 
called a twist of {Al, S) if for all elements a,b of A 

i) '^A^ g* = lyl 

m) (a ^ 9*){b '— (?*) = ab ^ 

Hi) 5'(a(i)) ^ ® a(2) = 5(a(i)) a(2) ^ (4.1) 

The condition Hi) is understood to be an identity in the product of the modules A^ and the left L-module 
on A: 

I ■ a — sl o g^^ o SL{l)a 
where 5* o sl is an automorphism of L with inverse o sl- 

The twist of Definition 14.11 generalizes the notion of the character on a Hopf algebra. Clearly the twists 
of {Al, S) form a group. 

Theorem 4.2 Let {Al,S) be subject to the conditions l'-i.5H'-i.S\} . Then {Al,S') is subject to the con- 
ditions i?. .511,9. if and only if there exists a twist of {Al,S) such that S'{a) = S{a ^ g^) for all 
a e A. 

Remark 4-3 For {Al,S) a Hopf algebra the twisted antipode of the above form was introduced in J^. 
In the view of Theorem \4.S\ the twisted Hopf algebras in are Hopf algebroids in the sense of Definition 

ro 

Proof of the Theorem: if part: For a twist the map Sg{a): — S{a ^ g*) is bijective with inverse 
Sg^{a) — S^^{a) ^ g^^. It is anti- multiplicative by ii) of 114. l|l . Using the property i) of 114. l|l 

SgotL{l) ^S{tL{l)^g.) ^S{{lA^g.)tL{l)) ^SotL{l) = sl{1). 

By 7L(a ^ 5*) = (a(i) ^ .9*) ® a(2) and S o tR o ttr = tL o ttl ° S we have 

Sg{a(i))a(2) = 'S'(a(i) ^ 5*)a(2) ^ sro 'KR{a ^ g^) ^ tLonLO Sg{a). 
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In order to check the property H3.7|l of {AL,Sg) rewrite iii) of 114. l|l into the equivalent form 

5(a(i)) ® Sgia^2)) = o S^ia^i)) (g> 5(a(2)). (4.2) 

Then using the fact that {Al, S) satisfies Ij^l7|l introduce a^^^ a*^^^: — Sa<s>lA S^^{a) = S^^^j^ o 

7l o S{a). By 114. 2|l we have 

= SgiS-\a)^2)) ® 5(^-i(a)(i)) = 5(5-i(a)(2)) ® o = 

= (5(a - ® (5(a - 5,)(i)) = -^^^ (^s(a)(2)) ® ^g"' (59(a)(1)) • 

The last condition H3.8II on {Al, Sg) follows then easily by using the two forms of Sg A^LA°jL°S~^{a) = 
lgR{a) = a^^^ ® Sg^ o 5(a(2)) and 7gi?(a) = SgO S^^{a'^'^^) ® a'^), respectively: 

(71, (g) id^) o -igR{a) = a^i^i) ® a^^^a) ® S-g^^ o S'(a(2)) = a(i) ® a(2)(^) ® Sg^ o 5(0(2)^2^) = 
= (idyl ® 7si?) ° 7L(a) 

(idA ®7l) 7gfl(a) = 5g o ^-^(a^i') ® a^^^i) ® 0(2^2) = S'g o S'-i(a(i)(^)) ® a(i)(2^ (g) a(2) = 
= (7g-R. ® id^) o 7i(a)- 

only if part: Let (^l, S") and [Al^S') be subject to the conditions H3.5I3.8|I . By the considerations at the 
end of Sectional we can construct the right bialgebroids Ar and A'^^, such that both A = {Al,Ar, S) and 
A' ~ {Al,A'j^i, S') are Hopf algebroids. Denoting the coproducts in Ar and A'^, by ^R{a) — a'^^ (ga*^^' 
and 7fl/(a) = a^^^ ® a*^^^ , respectively, the maps 

a : iSi Al ^ Al ^ lA a^b>-^ a(i) g) a(2)& 

/? : (g) ^ g) a g) & 0(2) g) a(i)& 

are easily shown to be bijections with inverses 

a(^) ®^(a('))6= a-i(a®6) = a^^)' 5'(a(2)> 
a(2) g,5-i(a(i))6= /3-i(a®6) = a^^)' ® 5'-i(a(i)>. (4.3) 

(This means that Al and {Al)cop are x ^-Hopf algebras in the sense of (2^. ) 

We construct the twist ttl o o S' . It is an invertible element of A* with inverse ttl o S"~^ o S': 

[{ttl o "S^""" o S"') [ttl ° S'^^ o S')](a) ~ ttl o S'^^ o (sl o ttl o S'^"'" o 5'(a(i))a(2)) = 
= TTL o ^'-1 o 5 (si o o 5-l[5'(a)(2)']5"-i[y (a)(1)']) = 

= 7:l o S'-' [s'{a)^'hR o TTRiS'ia)'-^^)) = ^i(a) (4.4) 

where in the third step H4.3II has been used. The relation {ttl ° S'^^ o S){ttl o o S') — ttl follows by 
interchanging the roles of S and S' . 
For all elements a,b m A we have 

Ia ^ TI'L o S^^ o S' = SL o TTL o S^^ o S'{1a) ~ 1a 
{a^TTLO o S'){b ^ TTL o S--! O S") = 

= Si ottlo S^^ o S''(a(i))a(2)SL 077^0 5*"^ o S''(6(i))&(2) = 

= Si o TTL {S^^ o S"(a(i))tL o TTL o S'^i o S"(6(i))) a(2)5(2) = 

= SL ° T^L {S^^ ° 5'(a(i))S'"i o S"(6(i))) a(2)5(2) = sl ottlo S^'^ o S"(a(i)6(i))a(2)5(2) = 
= ah ^ TTL o S^^ o S*'. 
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Using 114. 3|l we can show that 

Sia ^ TTi 05-^0 5') = 5 (sLo^io5-i[y (a)(2)']5'-i[y (a)(1)']) = 

= 5 (sL o TTL o 5-i[5'(a)(2)]5-M^'(a)^'^]) - S^aY^^hR o ttr{S' (a)^^^) = S'(a). (4.5) 

In order to check that ttl o S^^ o S' satisfies iii) of (I4.1|l rewrite (j4.3|l into the equivalent forms: 

aW«)5'-io5(a(2) )=«(!)' ® a(2)' =5'o5-i(a(i))«)a(2) 
^ 5-i(5(a)(2))®5'-i(5(a)(i)) = y(5-i(a)(2))®5(5-Ha)(i)) 
^ 5(a(2))®y-io52(a(i)) = 5'(a(2))®^(a(i)). 

In view of 114. 5|l the last form is equivalent to iii) of H4.1|l . This proves that ttl o 5"^^ o S" is a twist 
relating S" to S". ■ 

Let A = {Al,Ar,S) and A' = {A'l^, , A'r, , S') be Hopf algebroids such that the underlying left 
bialgebroids Al and A'j^, are isomorphic via the isomorphism : A ^ A',(j) : L — > L'). Then by 
Proposition 13 . 21 also the underlying right bialgebroids Ar^ and A'r, are isomorphic and by Theorem 14.21 
S'{a') = $05 ($~i(a') ^ g*) for a unique twist 5* of {Al,S) and all a' e A'. The Hopf algebroids ^ 
and A' are called hialgehroid isomorphic in the following. 

Recall from ^ that a weak Hopf algebra H — {H, A, e, S) over a commutative ring k with bijective 
antipode 5 determines a Hopf algebroid H = {'Hl,'Hr, S) as follows: 

Hl = [H, L, idL, S~^\l, PL oA,n'^) (4.6) 
Hr = (H,R,idR,S~%,,pRoA,n'') (4.7) 

where : H ^ H is defined as h 1-^ e{l[i]h)l[2], l[i] "Xi 1[2] — A(l), L:~ n^(i7), and is the canonical 
projection H ®k H ^ H ®l H the L — L -bimodule structure on H being given by 

l-h-l'::=lS-^{l')h. 

Similarly, : H ^ H \s defined as h ^ l[i]e(/il[2]), R: = n^'{H), and pR is the canonical projection 
H (g)k H ^ H (^R H the R — R -bimodule structure on H being given by 

r ■ h-r':= hr'S"Hr). 

In the view of Theorem 14. 21 we can obtain examples of Hopf algebroids by twisting weak Hopf algebras. 
The twists of the datum {'Hl,S) are the characters on the weak Hopf algebra H or - if iJ is finite 
dimensional as a fc-space - the group-Hke elements [3", '35] in the /c-dual weak Hopf algebra H. 

The twistings of cocommutative Hopf algebras are of particular interest as they provide examples of 
Hopf algebroids in the sense of Definition 13.11 that do not satisfy the Lu-Hopf algebroid axioms of QH] • 
(For pHl's definition see the Introduction above.) If Hl is the left bialgebroid (I4.6|l corresponding to 
the cocommutative k-Hopf algebra H that is TYl = {H, L = k, sl = rji^L = ri,jL = A^ttl = s) - where 
rj : k H is the unit map A 1-^ XIh - then the base ring is k itself, so the canonical projection is 
the identity map pl = idH(s>kH- Then also ^ = idH^^H- Let x be a character on H that is an algebra 
homomorphism H ^ k, and S^: = {x S) o A the twisted antipode. Then denoting A{h) = h^i) (g) /i(2) 
we have 

SL°T^L{h) — e{h)\H and 
^(i)'S'x(/i(2)) = ^(i)X(^(2))'S'(/i(3)) = x(/i(i))/i(2)5'(ft.(3)) = x{h{i))e{h(2))lH = xih)lH 

hence (T^l, S^) - which satisfies the conditions II3.5I3.8|I by Theorem l4.2l hence defines a Hopf algebroid 
in the sense of Definition l3.1l - is a Lu-Hopf algebroid (with the only possible section ^ = idH®kH) if and 
only if X = e. It is easy, however, to find non-trivial characters on cocommutative Hopf algebras. In the 
simplest case of the group Hopf algebra kZ2 we can set x(i) = —t (where t is the second order generator 
of Z2) if the characteristic of k is different from 2. This gives the Example presented in proving that 
the two definitions - the one in [H and the one in - of Hopf algebroid are not equivalent. 
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We know from the above considerations that the weak Hopf algebras with bijective antipodes provide 
examples of Hopf algebroids. In the following we identify the Hopf algebroids that arise this way. 

It is proven in j25l f25| that a left bialgebroid Al — {A, L, SL,tL,lL,i^L) has a weak bialgebra 
structure if and only if A is an algebra over a commutative ring k and L is a separable fc-algebra. 
Indeed let us fix a separability structure, that is a datum (L, k , 5 : L ^ L ®k L , if} : L k) where (5 is a 
coassociative coproduct with counit V' satisfying 

(idL ®k rriL) o {6 ®k idL) = S o = (tol ®k idL) o (idi ®k 5) 

niL o 6 = idi . 

The rriL denotes the multiplication in L. The weak bialgebra structure on A, corresponding to the given 
separability structure, reads as 

A(a): = iL(ei)a(i) ® SL(/j)a(2), e(a) = V ° 7ri(a) (4.8) 

where e.i® fi — 5{1l) and the summation symbol is omitted. 

On the other hand if H = (iJ, A, e) is a weak bialgebra over the commutative ring k then a separa- 
bility structure {L,k,5,£) is given by 

5{l) = I ® i[2] = n^(i[i]) ® i[2]/. (4.9) 

This implies that the separability of the base algebra L is a necessary condition for the Hopf al- 
gebroid A = {Al,Ar,S) to have a weak Hopf algebra structure. The different separability structures 
determine however different weak bialgebra structures H4.8II . The given antipode S of the Hopf algebroid 
A cannot make all of them into a weak Hopf algebra. The following Theorem 14.41 gives a criterion on 
the separability structure (L, fc, 5, ^) under which the corresponding weak bialgebra H4.8|l together with 
(a twist of) the antipode S becomes a weak Hopf algebra. 

Let Al — (A,L, SL,tL,lL,T^L) be a left bialgebroid such that A is an algebra over a commutative 
ring k and L is a separable /c-algebra. Let us fix a separability structure (L, k, 5, ip) and introduce the 
notation 6{1l) — ei C^) fi (summation on i is understood). Let A and e be as in 114. 8|l . Then we can 
equip the fc-space A of fc-Hnear maps A ^ k with an algebra structure with the multiplication 

(j)(j)':={(l)(^(j)')oA (4.10) 

and unit e. Now we are ready to formulate 

Theorem 4.4 Let A = (Al, Ar, S) be a Hopf algebroid such that the total ring A is an algebra over 
a commutative ring k and the base ring L of Al is a separable k-algebra. Then fixing a separability 
structure {L, k, 5, ip) the corresponding weak bialgebra i4.8]) and the antipode S form a weak Hopf algebra 
if and only if ip o ttl ° S — "0 ° ti'l- Furthermore, there exists a twisted antipode Sg making the weak 
bialgebra i4.8\) a weak Hopf algebra if and only if the element ip o ttl ° S of the algebra A - defined in 
14-10\) - is invertible. 

Proof: if part: The separability structure {L, k, S, ijj) defines an isomorphism of the algebras A* - the 
L-dual algebra H2.2II of - and A in (I4.in|i : 

k: a ^ a* 4> ^ (a ^ 4>{tL{ei)a)fi) 
: A* ^ A 0, ijjo(f>^. 

The element k(i/' o ttl o S*) satisfies the properties i)-iii) of Definition 14.11 

Ia K.{lp OTTL o S) = SL{fi)^P OTTL ° S otL{ei) ^ SLilL) = 

(a ^ k{iP O TTL O S)){b ^ k{iP O TT L o S)) = 

= SL{fi)ai^2)SL{fj)b{2)ip o VTL o 5(iL(ei)a(i))^ o ttl o S{tL{ej)b(^i^) = 
= SL{fi)a{2)b{2)i^ ottloS {tLieji^ifjTTL ° 'S'{tL(ej)a(i)})]6(i)) 
= SL(/i)«(2)&(2)V' ° o S'(ti(ei)a(i)6(i)) = a5 ^ k(V' o ttl o 5) 
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5(0(1)) ^ O TTl O S') (g) 0(2) K{'tp O TTi^ O S) — 

= SL(/,;)5(a(i))(2) SL(/j)a(2)(2)'0 o vtl o 5 (tL(ei)'S'(a(i))(i)) ipo-KLO S (tL{ej)a(^2)f^^ 
= SL(/i)'S'(a(i))(2)SL(/i) 'X' a(2)(2)'0 o VTL o 5 (tL(ei)'S'(a(i))(i)) iJjottlo S (iL(ej)a(2)(i) 
= SL(/i)'S'(a(i)^^') ® a(2)(2)V' (/jTTi o 5 tL(ei)S'(a(i) (^') ) o o S* (^^^(6^)0(2)^ 
Xfi)S{a(i)'^^^) «> a(2)(2)V' o o 5 (^iL(ei)<S'(a(i)(^))a(2)(^j 



(1) 



= SL 
= SL 

= SL 



(/,)5(a«) a(2)^^^^ ^^^^g (ti(e,)5(a('\i)(i))a(2)(i)(2) 

= V (^L ° 5(a(i)(2))e,) SL(/^)5(a(i)(i)) 0(2) = 

= S o sro 7r7j(a(i)^^))S'(a(i)'^^^) (g) a(2) = '5'(a(i)) ® a(2) 



hence - since ip o ttl o S (1 A is invertible by assumption - both K{ip o tt^ o 5) and its inverse g*: = 
k{'iP o ttl o S)~^ are twists of {Al,S) in the sense of Definition 14. II 

Using the standard properties 36] of the quasi-basis ^fi oi ip one checks that the twisted antipode 
Sg : ai-^ S{a g*) makes the weak bialgebra H4.8|l a weak Hopf algebra. That is by definition 

Ip OTlL O Sg ^ K^^{g*){i}) O TTl o S) ^ ip O TTL- 

Since Sg o II ^ S o II = sl we have 

ip {TrL{a)TrL ° Sg o tL{l)) ^ 4' ° t^l {Sg o tL{l)sL ° T^L{a)) ^i^oi^L{tL° '^Lia)sL{l)) = ipiliiLia))- 

This impHes that Ci ® fi = fi ® ttl ° Sg^ o tL{ei) and hence ® SL{fi) =^ fi 'Si Sg'^ o tL{ei). Then 

mA o {Sg ®k id^) o A(a) = 5" {sl o .g*(a(i))^L(ei)a(2)) SL{ft)a(^-i^ = s_r o 7ri^(a ^ 5*) = 

= tLOTTLO Sg{a) = tjj {ttl o S'g(a)ei) tL(/i) = 

= -ipoTTL {aSg'^ o tL{ei)) tLifi) = tL{ei)ip o TTL{asL{fi)) 

rriAO {id A <E)k Sg) o A(a) = iL(ej)a(i)S'(a(3))5 o o g^(si(/i)a(2)) = 

= tL{ei)a(^i)tLiek)'ip ottloS (^a(3)(^^tL(/fe)) 5" (^sl o .g*(sL(/i)a(2))a(3)'^^) = 

= tL{ei)a^i)tL{ek)ip o TTL °S {^sl o g*[sL(,A)a(2)*^^(i)]a(2)'^\2)iL(//c)) S'(a(2)^^') ^ 

= tL{ei)a(^i)tL{ek)tp o ttl (sL(/i)a(2)^^'tL(/fe)) S'(a(2)^^') = 

= o 7rL(a(^)(2)tL(/fe))a''^''(i)^i(^fe)'S'(«*'^'') ^ sl o TTL{a) ^ ip ° T^L{tL{ei)a)sL{fi) 

Sg{tL{ei)a^i)) SL {ft)tL{ej)a(2)Sg{sL{fj)a^3)) = Sg{a(^i))sL o 7rL(a(2)) = Sg{a) 

for all a e A. This finishes the proof of the if part. 

only if part: li Hl is a left bialgebroid Il4.fi|l corresponding to the weak Hopf algebra H then its 
base ring L is a separable /c-algebra . The separability structure 114.911 is determined by the weak 
Hopf data in H. Now if the datum {Hl, S') is obtained as a twist of the datum {Hl, S) then the twist 
element relating them is of the form 

o S-^ oS' = K{e on^o o S') = K{e o S-i o S') = K{e o S') = K{e o o S') 

which is an invertible element of H*, by definition. Since k is an algebra isomorphism this proves that 
£ o o S" is an invertible element of H, hence the claim. ■ 



Remark 4^.5 Proposition \4--4\ implies that the Hopf algebroid A = {Al, Ar, S) is obtained by a twist of 
a Hopf algebra over the commutative ring k if and only if the following conditions hold true: 

i) L ~ R°P is isomorphic to k 

ii) A is a fc — algebra 

Hi) TTL ° S : A k is invertible in A, the k — dual algebra of A 
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In particular it is a Hopf algebra if and only if the conditions i) and ii) hold true and ttl ° S = ttl- 



5 The theory of integrals 

The left/right integrals in a Hopf algebra {H,A,e,S) are the invariants of left/right regular module. 
That is £/T G _ff is a left /right integral if 

h£ = e{h)£ / Th = Ts{h) 

for all h e H. This notion has been generalized to a weak Hopf algebra {H, A, e, S) as £/T E H is a 
left/right integral if 

M = n^{h)l I Th:^Tn" {h) 

for sllhe H where n^{h) = e(l[i]/i)l[2] , n^(/i) = l[^e{hl[2]) and l[i] Ip] = A(1h). 
It is then straightforward to generaHze the notion of integrals to Hopf algebroids: 

Definition 5.1 The left integrals in a left hialgehroid Al = {A, L, SLitL^^LjiTL) are the elements £ £ A 
that satisfy 

a£ = sl o TrL{a)£ 

for all a E A. The right ideal of left integrals is denoted by I^{A). The right integrals in the right 
hialgehroid Ar = {A^ R, sr, tn, jr, ttr) are the elements T E A for which 

Ta ^ Tsro 7rfl(a) 

for all a E A. The left ideal of right integrals is denoted by 2^ (A). 

In a Hopf algebroid A = {Al,Ar, S) the left/right integrals are the left/right integrals in Al/Ar. 

As a support of this definition the Lemma 3.2 of generalizes as 

Lemma 5.2 The following are equivalent: 

i) lEl^{A) 

a) at = tL o TrL{a)£ for all a E A 
Hi) S{£) E I^{A) 
iv) S-^{£)eI^{A) 

v) S{a)£^^^ (E) ^(2) = (g) a^(2) as elements of A for all a E A. 

A left integral in a Hopf algebroid A is also a left integral in Acop and it is a right integral in A"^. 

For the Hopf algebroid A = {Al^Ar, S) we introduce the following notation: Let A* and *A denote 
the dual rings Ij2.3|l of the right bialgebroid Ar and ^.A and .4, denote the dual rings Il2.2|l of the left 
bialgebroid Al- We define the non-degeneracy of an integral as follows: 

Definition 5.3 The left integral £ E I^{A) is non-degenerate if the maps 

£r:A*^ a f ^ <j)* ^£ and (5.1) 
r£: A ^ A *(j} ^ *(j)^£ (5.2) 

are hijective. A right integral T E I^{A) is non-degenerate if the maps 

lT : ^A ^ A *0 t-^ T^, (/) and (5.3) 
Tl : A ^ A (/), ^ T ^cl>, (5.4) 

are hijective. 
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The identities 



S{(1)* a) = S{a) ttl o si^ o (jf o S ^ 
S{*(j) a) = S{a) ^ ttl o Sfi o*(l) o S^^ 



^ a) = S ^{a) ttl o tfi o (j)* o S 
a) = S^^{a) ^ ttl o tfi o*(j> o S 



imply that £ is a non-degenerate left integral if and only if iS'(^) is a non-degenerate right integral and 
if and only if S~^{£) is a non-degenerate right integral. 

Let £ be a non-degenerate left integral in the Hopf algebroid A. Introducing A*:= ^^{^^(1^) and 
*A: = Ri~^{lA) we have 



(A* - Sia)) 



hence 



eR-~\a) X* ^ S{a) Br^a) ^*X-^ S-Ha). (5.5) 

Recall that in the Definition 15 .31 the non-degeneracy of a left integral is defined in terms of the duals 
A* and A of the right bialgebroid Ar. The explanation of this is that - in the view of property v) in 
Lemma [5.21 - this notion of non-degeneracy is equivalent to the property that (A*,£'^-' ® S'(^^^-')) is a 
Frobenius system for the ring extension sr : R ^ A. This implies in particular that for a Hopf algebroid 
A possessing a non-degenerate left integral £ the modules A^, ^A, lA and Al are all finitely generated 
projective. Hence by the results in ^1] the corresponding duals A* and A carry left- and ^,A and ^» 
carry right bialgebroid structures. In addition to the maps £r and r£ also the maps 



Il-.A, 
Lt:*A 



A 
A 



turn out to be bijective. The map 

S : a I— > I ^ {a ~^ IT L o s R o X) (5.6) 
is an anti- automorphism of the ring A and we have the following isomorphisms of left bialgebroids: 

{Lr^oS-^oiLMR) 



[tR ^ ° £l,'^R° Sl) 



A' 



op_ 



\*'^R)cov 



{r£ ^oS ^oijl^TTRoS ^otR) 



{Rr^ OL£,7TROtL) 

Al 



Let A — {Al,Ar,S) be a Hopf algebroid with a non-degenerate left integral £ and let A' = 
{A'l^, , A'j^, , S') be a Hopf algebroid which is bialgebroid isomorphic to A via the isomorphism (<& : 
A A' , (j) : L L') of left bialgebroids. Then is a non-degenerate left integral in A! . 

The antipode 8^,:= IJ^^ o S o Ij^^ (j)^ ^ (^£ ^ cj)^) ^ o sr o )f makes the dual right bialgebroid 
A^R into a Hopf algebroid called Ai possessing a two-sided non-degenerate integral ttl o s^. o A*. Clearly 
the bialgebroid isomorphism class of Ai does not depend on the choice of the non-degenerate integral 
£. The dual of the bialgebroid isomorphism class of A is then defined to be the bialgebroid isomorphism 
class of Ai . This notion of duality is shown to be involutive and reproduces the duality of finite weak 
Hopf algebras j^I as follows: 

Let H = {H, A, e, S) be a finite weak Hopf algebra over the commutative ring k and let H = 
{H,A,e,S) be its fc-dual weak Hopf algebra (HI- The corresponding Hopf algebroids are denoted by 
H = {TLl^'Hr.S) and 7i — (Hi^Hj^, S), respectively. Then the right bialgebroids H^r and Hj^ are 
isomorphic via 

$ : 7^, H V* ^eo^p^ (5.7) 
(f>:L^R I ^£[i]e[2](0 (5.8) 
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where £[1] £[2] = A(£). This impHes that the Hopf algebroids Hi and H are bialgebroid isomorphic 
for any choice of the non-degenerate left integral £. Making use of the separability structure 114.911 we 
can equip 7i* with a weak bialgebra structure. Since the weak Hopf structure on a weak bialgebra is 
unique, there is a unique twist of 5* that makes this weak bialgebra into a weak Hopf algebra. The map 
$ in Ij5.7|l is a weak Hopf algebra isomorphism from it to H. 

6 Antipode from non-degenerate integral 

The Larson-Sweedler theorem ^Ifij on Hopf algebras states that a finite dimensional bialgebra over a 
field is a Hopf algebra if and only if it has a non-degenerate left integral. It has been generalized to weak 
Hopf algebras in At the moment no generalization to Hopf algebroids is known. In this section we 
present a proof of the 'easy half of the Larson-Sweedler theorem. Namely we show that if a finite right 
bialgebroid Ar - that is a right bialgebroid such that A^ and ^A are finitely generated projective - has 
a non-degenerate left integral then it can be made a Hopf algebroid. 

Notice that though we called it the 'easy half of the Larson-Sweedler theorem, it is non-trivial in 
the sense that left integrals have not been defined in right bialgebroids until now. Recall that if A is 
a Hopf algebroid possessing a non-degenerate left integral £ then both maps £r and ai H5. 115.211 are 
bijective and for all a e A 

^«®a£(2) ^5(a)£(i)®£(2). 
The equations l|5.5|l imply that the antipode and its inverse can be written into the forms 

S{a) = {*\-^a)^e 
S-\a) ^ {X*^a)^e 

with the help of A* — £r^^{1a) and *A = r£^^{Ia)- These formulae motivate 

Definition 6.1 An element £ of a finite right bialgebroid Ar is a non-degenerate left integral if 

i) both maps £r, and r£ are bijective (6-1) 
it) ® a£(2) = [(!\ ^ a) £(2) (g 2) 

a£(i) ® £(2) ^ ^(1) ^ ^ a) ^ ^]£(2) (5.3) 

as elements of A^ ® ^A for all a £ A, where A* = £r~^{Ia) and *A = ^/"^(l^). 
The following Lemma is of technical use: 

Lemma 6.2 Let Ar, = [A, R, SR,tR,^R,TTR) be a finite right bialgebroid and k £ A such that the map 

kR : A* —I- A (f) ^ (f) ^ k 
is bijective. Set k*:= k^{\A)- Then 

K* ^ a = sr o K*{a) (6-4) 
for all a G A. Analogously, for k € A such that the map 

Rk:*A-> A *<j)^k 
is bijective set *k:— Rk^'^ilA)- Then 

* K a = tR o *K(a) (6-5) 

for all a G A. 
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Proof: Introduce the map s : A* via s{r){a) = rTTjf {a). With its help 

(j) K* = k'^{(f) n* k) ^ ^ 1a) = fci?/(s ° 1a) = 

= k^^{s o 0*(1^)k* k) = s o (^*(1^)k* 

for all (ff ^ A*. This implies that 

(ir{K* ^ a) = (#«;*)(a) = (s o 0*(U)K*)(a) = (/)*(lA)«;*(a) - 9!'*(sfl o K*(a)) 

for all a G A and (jf ^ A* . Since is finitely generated projective by assumption, this proves that 
K* ^ a — sro K*{a). The identity l|6.5|l follows by applying the same proof in Acop- ■ 
We are ready to formulate 

Theorem 6.3 Let Ar be a finite right bialgebroid with non-degenerate left integral i. LetX': — Ib.^^{1a) 
and = ii£~^{lA)- Then the map S{a):= {'^ a) ^ £ is an antipode making Ar into a Hopf algebroid. 
The element £ is a non-degenerate left integral in the resulting Hopf algebroid in the sense of Definition 

Proof: We check that {Ar, S) satisfies the right analogues of the conditions H3. 513 .811 - what implies 
the claim. The conditions Hfi.2ll and Hfi.3|l imply that the map S: ^ a) ^ £ is bijective with inverse 

S~^{a): — (A* ^ a) ^ £. It is anti-multiplicative by 

S{b)S{a) = S{b)S{a)£'^^^SR o*A(^(')) = S^^r o*X{ab£^^^) = S{ab)£'-^hR o*X{S^^) = Siab). 

Also 

S o tRir) = £'^'\sR o*A(tfl,(r)^(2)) ^ 

Using Lemma ESI 

a(i)S'(a(2)) = a(i^£(i^Sfl, o*X{a^'^H^^'>) =*X a£ ^ tR o*X(a£) = ifl o ttr ((^ ^ a) ^ £) = tR o ttr o S{a). 
Using the identities 

7i? o S{a) = ^(1) ® ("A ^ a) ^ £^^'> (6.6) 
jRoS~\a) = (A* ^a) ^£(1) (g 7) 

one shows that 

s(^S'\a)^'^) ® 5(5-i(a)«)^''®^(5-i(a)W)^'^ = 

= 5(^(3)) ^^(i')^^(2')5^ o*A(£(2)t^ oA*K«)^(3')) = 

= 5(^(3)) ^ ^(1') ^ (;^* ^ a^(l))^(2')5^ o*A (£(2)^(3')^ ^ 

= ^(£(3)) ® £(1')^^ o*A o A*(a(i)^(i))£(2')) ^ = 

= ^ (5-i(a«)(2)) ® 5 (5-i(aW)(i)) ® a(2) (6.8) 
where £^'^'^ (g) ^^^O = ^^(^) = ^(i) ^ ^(2). Hence 

52 (5-\a)(2)) 5 [s-\af^y'^ 5 (5-i(a)(i)) - sr o ^^(ad)) ® a^^). (6.9) 
Using Il6.6|l . H6.7|l and Ij6.9|l one checks that 
5(5-i(a)(2)) ® 5(5-i(a)W) = 
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(52(5-i(a)(2))5(5-i(a)(i))(i)i?(2)^^ o*A[5(5-i(a)(i))(^)f (3)]^ ^ S-\i^'^) 



= s- 



= 5-1 (^(2)^^ o*A(a^(3))^ ^ 5-i(£(i)) - 5-1 (5(a)(2)) ^ ^-i (5(a)(1)) _ (g_^o) 
Introducing jL{a): = 5 (5-i(a)(2)) ® 5 (5-i(a)(i)) = 5-1 (5(a)(2)) ^ 5.-1 (5'(a)(i)) the identity 

(idA 7fl) ° 7l = ilL id^) o 
is proven by 116. 8|l . The last axiom (7^ (g) id^) 07^ = (id^ ® 7^) o 7^^. is checked similarly: 

5"i (5(a)(2)) ^ 5-1 (5(a)(2)) 5-1 (5(a)(1)) = 

= i^'kn o A* (£(2')sfl o*A(a£(3'))^(i)) ® £(3) ^ 5-1 (^d')) = 

= (^ ^ a^(3'))^(2)i« o A* (£(2')£(i)) ® ^(3) ® 5-1 (^(1')) = 

- ad) (a* - ^(2')sj^ o*A(a(2)^(3'))^(i)) ^ ^(2) ^ 5-1 (^d')) = 

= ad) ® i^'hji o A* (£(2')s;^^ o*A(a(2)£(3'))£(i)) ^ 5-1 (^d')) ^ 

= a(i)®5-i(5(a(2))(2))®5-i(5(a(2))(i)). ■ 

One defines a non-degenerate right integral in a left bialgebroid Al = (^, sl, ^l, 7l, ttl) as a non- 
degenerate left integral in the right bialgebroid {Al)°^- That is as an element T e A satisfying 

i) both maps lT and Tl are bijective 

ii) T(i)a (g) T(2) = T(i) (g) T(2) [T ^ (a ^ p*)] 

® T(2)a = T(i)[T ^ (a ^ *p)] ® T(2) 

for all a £ A and */o: = lT~1(1a) and p*:— T l~^{1a). The application of Theorem ESI to the right 
bialgebroid {Al)°^ implies that a left bialgebroid Al possessing a non-degenerate right integral T can 
be made a Hopf algebroid with the antipode 5(a): = T (a ^ p,). 

As an application of Theorem 16.31 we sketch a different derivation of the Hopf algebroid symmetry 
of an abstract depth 2 Probenius extension - obtained in jSj. 

Let C be an additive 2-category closed under the direct sums and subobjects of 1-morphisms. By an 
abstract extension we mean a 1-morphism t in C that possesses a left dual 1. This means the existence 
of 2-morphisms 

ewL € C2(r X i, so(i)) coeuL e C2(to(t), i X i) (6-11) 

satisfying the relations 

(t X cvl) o (coevL X L.) — L 
{evL X t) o (i X cocvl) — 1 

where so(t) and to(i) are the source and target 0-morphisms of t, respectively, and x stands for the 
horizontal product and o for the vertical product. The 1-morphism i satisfies the left depth 2 (or 
D2 for short) condition if i x i x t is a direct summand in a finite direct sum of copies of i's |28) . 
This means the existence of finite sets of 2-morphisms j3i £ C^{b xl x and G C'^{L,i x I x t) 
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satisfying (3[ o (3i — l x 1 x l. By the Theorem 3.5 in [221 in this case the ring of 2-morphisms: 
A: — C'^{l xI,LXi) carries a left bialgebroid structure Al over the base L: = C^(t, t). The structural 
maps of are explicitly given in 0: 

SLil) = ^ X t 

tL{l) — L X [{evL X T) o (l X I X l) o (l X cocvl)] 
T^Lia) = (l X cvl) ° (a X l) o [cocvl x t) 

lL{a) = {l X evL X l) ° (a X I X 1) o (l X cvl x l x l x l) o [l x I x (3l x l) o (l x l x coevl) ® 
{Pi X l) o (l X I X cocvl) 

for I £ L and a € A. Summation on the index i is understood. 

The 1-morphism l satisfies the right D2 condition if t x i x t is a direct summand in a finite direct 
sum of copies of t's. This means the existence of finite sets of 2-morphisms Pi & C^{l x l x and 
P'i € C^{l, I X L X t) satisfying P^o Pi — I x l x 1. In this case the ring B: = C^{l x l,I x l) carries a 
right bialgebroid structure Br over the base R: — C^ii, i). The structural maps of Br read as 

Sfi{r) = LXr 

tRir) = [{evL X T) o (T X r X T) o (i X cocvl)] x l 
t^r{V) = ('-X cvl) o (t X fe) o (coevL x t) 

^^{b) — {l X L X cvl) o il X l X Pi X l) o {l X cocvl xtxtXi)o(6xtXi)o(rx coevL x i) (g) 
(r X i X cvl) o iPi X l) 

for r G i? and b e B. If i satisfies both the left and the right D2 conditions then the bialgebroids Al 
and Bfi are duals. 

Let us assume that t is a Frobenius 1-morphism that is its dual I is two-sided. This means the 
existence of further 2-morphisms 

ewfl e C^(t X r,to(0) coevR G C'^{so{l),l X l) (6.12) 

satisfying the relations 

{evR X l) o [l X cocvr) = t 
(r X cvr) o (coevR X t) = I. 

Under this assumption the left- and right D2 conditions become equivalent (the 2-morphisms Pi and P'i 
can be expressed in terms of Pi, P'i and the 2-morphisms Hfi.lllfi.l2|l .l One checks that in the case of a 
D2 Frobenius 1-morphism l the element 

T: = coevL o evR (6.13) 
of v4 is a non-degenerate right integral. It leads to the antipode 

S'yi(a) = {l X L X cvr) o(txtXiXewiXr)o(ixrxaxtxt)o(tx cocvr x l x l x l) o [cocvl x t x I) 
obtained by different methods in [2,. Also the element 

t. — coevRoevL (6-14) 
of B is a non-degenerate left integral, leading to the antipode 

Ssib) — {i X i X bvl) o {l X l XL X evR xt)o(rxtx6xrxt)o(rx cocvl x l x I x l) o (cocvr x I x l). 

As a matter of fact S'a(T) ~ T and Sb{(-) = ^, that is both T and £ turn out to be two-sided non- 
degenerate integrals. 
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We want to emphasize that the non-degenerate integrals Hfi.l3ll and Hfi.l4ll are non-unique. Another 
choice of the non-degenerate integrals leads to other antipodes and other corresponding right and left 
bialgebroid structures on A and B, respectively. 

The name 'abstract extension' is motivated by the most important example. For an extension 
iV ^ M of rings the forgetful functor <& of right modules AIa/ ^ TWat is a 1-morphism in the 2- 
category of categories. It possesses a left dual: the induction functor. The 1-morphism $ is left/right 
D2 and Probenius if and only if the extension N ^ M is left/right D2 and Frobenius, respectively. 
As it is shown in in the case of a D2 ring extension iV — > M the above ring A is isomorphic to 
the endomorphism ring End(jvMjv) and B is the center (M (X)jv M)^ . Now for a Frobenius extension 
TV ^ M let us fix a Frobenius system that is an TV — iV bimodule map ip : N and its quasi-basis 

Vi® Xi G Mm ® nM. Then the non-degenerate integrals H6.13|l and H6.14II are T = -0 and i = Ui Xi, 
respectively. The construction of the corresponding antipodes gives the Hopf algebroid structure on A 
that is discussed in the Section 3 of on different grounds, and its dual - Aj - on B. 
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